Complex contact Lie groups and generalized complex Heisenberg groups  by Foreman, Brendan
Differential Geometry and its Applications 24 (2006) 443–446
www.elsevier.com/locate/difgeo
Complex contact Lie groups and generalized complex
Heisenberg groups
Brendan Foreman
John Carroll University, 20700 North Park Boulevard, University Heights, OH 44118, USA
Received 10 December 2004
Available online 24 May 2006
Communicated by Y. Eliashberg
Abstract
In this paper, we use root decomposition techniques to classify the complex contact Lie groups such that the Reeb vector field
action on the Lie algebra is diagonalizable. These groups turn out to be isomorphic on the Lie algebra level to a particular type of
generalized Heisenberg groups, namely the semi-direct product C2n ×Ω C, where Ω is the standard symplectic 2-form on C2n.
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1. Introduction
A complex contact Lie group is a (2n + 1)-dimensional complex Lie group G with a left-invariant holomorphic
1-form η such that η ∧ dηn = 0 as an element of Λ2n+1G. The most famous examples of these manifolds are un-
doubtedly Sl(2,C) and the complex Heisenberg group. In [3], all 3-dimensional examples of such manifolds were
classified; and in [4] others were constructed in order to generate higher-dimensional examples of complex Boothby–
Wang fibrations.
Let G be a (2n + 1)-dimensional complex contact Lie group with Lie algebra g. Let η be a left-invariant complex
contact form on G. Set H= ker(η). Define ξ ∈ g by
1. η(ξ) = 1;
2. dη(ξ,∗) = 0.
Then g = V ⊕H with V = 〈ξ 〉C. H is called the contact subbundle, V the vertical subbundle, and ξ the Reeb vector
field of η. Let pV :g → V and pH :g → H be the obvious projections. By the condition 2 of the definition of ξ ,
pV [V,H] = (0), i.e. [V,H] ⊂H.
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acting on g is diagonalizable. This last condition allows us to split H into root spaces of ad(ξ). The resulting root
space decomposition ofH acts much like those of semi-simple Lie groups. This decomposition in turn gives us a nice
comparison to certain higher-dimensional generalizations of the complex Heisenberg group, namely a particular type
of semi-direct product of C2n with C, as given by our main theorem.
Theorem 1.1. Let (G,η) be a (2n + 1)-dimensional complex contact Lie group such that the adjoint representation
of the Reeb vector field ξ is diagonalizable. If n > 1, then the universal cover group of G is C2n ×Ω C where Ω is the
standard symplectic 2-form on C2n given by
Ω = ∗1 ∧ ∗n+1 + · · · + ∗n ∧ ∗2n.
So, although the topic may seem to be purely geometric in nature, the actual techniques used here are purely Lie
algebraic. For a general exposition of complex contact manifolds, see Chapter 12 of [1]. For a general exposition of
root spaces of Lie algebras, see Chapter II of [5].
2. Preliminary results
For the rest of the paper, we will assume that the adjoint representation ad(ξ) :g→ g is diagonalizable. Let α :V →
C be a linear functional which we identify with an element of C via α(ξ) = αξ . Set
gα =
{
X ∈ g: (adH)X = α(H)X ∀H ∈ V}
= {X ∈ g: [ξ,X] = αX}.
For X ∈ g, X = cξ + pHX for some c ∈ C so that [ξ,X] = [ξ, cξ + pHX] = [ξ,pHX]. In particular, if α = 0,
gα ⊂H. Furthermore, by definition of ξ , pV (ad(ξ)H) = pV ([ξ,H]) = (0). Thus, as a block matrix with respect to
the splitting g= V ⊕H, the linear transformation ad(ξ) on g is of the form
ad(ξ) =
( 0 0
0 A
)
,
where A :H→H. By diagonalizing A, we get
ad(ξ) =
⎛
⎜⎜⎜⎜⎜⎝
0 0
0
α1
α2
. . .
α2n
⎞
⎟⎟⎟⎟⎟⎠ ,
i.e., H= gα1 + gα2 + · · · + gα2n . Let {E1, . . . ,E2n} be the corresponding basis of H.
Let k, l ∈ {1, . . . ,2n}. Then the Jacobi identity gives us:
0 = [[ξ,Ek],El]+ [[Ek,El], ξ]+ [[El, ξ ],Ek]
= αk[Ek,El] +
[[Ek,El], ξ]− αl[El,Ek].
So, ad(ξ)[Ek,El] = (αk + αl)[Ek,El].
Now, using the fact that [V,V] = (0) and splitting the above equation into V- and H-parts, we find that
(1)pV
[
ξ,pH[Ek,El]
]= (αk + αl)pV [Ek,El],
(2)pH
[
ξ,pH[Ek,El]
]= (αk + αl)pH[Ek,El].
We can rewrite Eq. (1) as
dη
(
ξ,pH[Ek,El]
)= (αk + αl) dη(Ek,El).
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such that pV [g±α,g±α] = (0). Subsequently, we can assume that the matrix representation of ad(ξ) with respect to
{ξ,E1, . . . ,E2n} is
ad(ξ) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0
0
α
. . .
α
−α
. . .
−α
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
each of the H-subblocks being n × n in size.
Lemma 2.1. If n > 1, α = 0.
Proof. Suppose that α = 0, i.e., ad(ξ)|H has exactly two eigenvalues, ±α, neither of which is equal to zero. Eq. (2)
above gives us:
ad(ξ)pH[Ek,El] = (α ± α)pH[Ek,El].
If k ∈ {1, . . . , n} and l ∈ {n + 1, . . . ,2n} (or vice versa), then ad(ξ)pH[Ek,El] = 0, which means that
pH[Ek,El] = 0, since ad(ξ) does not have 0 as an eigenvalue. Similarly, if either k, l ∈ {1, . . . , n} or k, l ∈
{n + 1, . . . ,2n}, then pH[Ek,El] = 0, since ad(ξ) has neither 2α nor −2α as eigenvalues. Thus, for any k, l ∈
{1, . . . ,2n}, [Ek,El] is a complex multiple of ξ , and so, by properly renaming the elements basis {E1, . . . ,E2n}, we
have that
1. [ξ,Ek] = (−1)kαEk for k = 1, . . . ,2n,
2. [Ek,El] = βklξ for some βkl ∈C for every k, l ∈ {1, . . . ,2n}.
Since n > 1, there are three distinct elements of the basis {E1, . . . ,E2n} of H, say Ek , El , and Em. Also, since H
is maximally non-integrable, we may assume that βkl = 0. Then
0 = [[Ek,El],Em]+ [[El,Em],Ek]+ [[Em,Ek],El]
= βkl[ξ,Em] + βlm[ξ,Ek] + βmk[ξ,El]
= α(−1)mβklEm + α(−1)kβlmEk + α(−1)lβmkEl.
Thus, 0 = αβkl = αβlm = αβmk . The first equality implies that α = 0, which contradicts our original assumption that
α = 0. So, α = 0. This completes the proof of the lemma. 
With regard to the above-mentioned coefficients {βjk}, note that dη(Ej ,Ek) = −η([Ej ,Ek]) = −βjk . So, if we
set β = (βjk) ∈ M2n×2n(C), then
(dη)n(E1, . . . ,E2n) = det(β) = 0.
So, the 2-form Ω on C2n defined by Ω(j , k) = βjk is a rank 2n, skew-symmetric form on C2n. (Here {1, . . . , 2n}
is the standard basis of C2n.) Then there is a basis {v1, . . . , v2n} of C2n such that its dual basis satisfies
Ω = v∗1 ∧ v∗n+1 + · · · + v∗n ∧ v∗2n.
Applying this to our present situation, we see then that there is a basis of H, {E1, . . . ,E2n}, such that
(3)[ξ,Ek] = 0,
(4)[Ek,El] = (δl(k+n) − δk(l+n))ξ,
for k, l = 1, . . . ,2n, where δjk = 1 if j = k and 0 otherwise. In particular, note that g is necessarily nilpotent.
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Details of the following group construction can be found in [4]. Let F be a bilinear 2-tensor on C2n. For
j, k = 1, . . . ,2n, set Fjk = F(j , k), where {1, . . . , 2n} is the standard basis of C2n. Define multiplication on C2n+1
by (
v1
r1
)
·
(
v2
r2
)
=
(
v1 + v2
r1 + F(v1, v2) + r2
)
,
where v1, v2 ∈C2n and r1, r2 ∈C. So, the group (C2n+1, ·) is in fact the semidirect product C2n ×F C.
The complex Heisenberg group is the group of 3 × 3 complex-entry matrices given by
HC =
{(1 z1 z3
0 1 z2
0 0 1
)}
.
As a Lie group, HC = C2 ×β C, where β(v1, v2) = v11v22 with v1 =
(
v11
v12
)
and v2 =
(
v21
v22
)
. So, C2n ×F C is a
generalization of sorts of the Heisenberg group. It should be noted that other (quite different) generalizations of the
Heisenberg group have been around (see p. 46 of [6] and [2] for details).
Let {e1, . . . , e2n, e2n+1} be the basis of the Lie algebra of C2n ×β C given by
ej = d
dt
(
tj
0
)∣∣∣∣
t=0
, j = 1, . . . ,2n, e2n+1 = d
dt
(
0
t
)∣∣∣∣
t=0
.
Then the following facts are easily checked:
1. For j, k = 1, . . . ,2n, [ej , ek] = (Fjk − Fkj )e2n+1.
2. For j = 1, . . . ,2n, [ej , e2n+1] = 0.
A quick comparison of the above Lie algebraic equations with Eqs. (3) and (4) from the previous section gives us
the main result.
Theorem 3.1. Let (G,η) be a (2n + 1)-dimensional complex contact Lie group such that the adjoint representation
of the Reeb vector field ξ is diagonalizable. If n > 1, then the universal cover group of G is C2n ×Ω C where Ω is the
standard symplectic 2-form on C2n given by
Ω = ∗1 ∧ ∗n+1 + · · · + ∗n ∧ ∗2n.
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